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We suggest an approach to the problem of free electron spin evolution in a semiconductor with
arbitrary anisotropy or quantum structure in a magnetic field. The developed approach utilizes
quantum kinetic equations for average spin components. These equations represent the relaxation
in terms of correlation functions for fluctuating effective fields responsible for spin relaxation. In
a particular case when autocorrelation functions are dominant, the kinetic equations reduce to the
Bloch equations. The developed formalism is applied to the problem of electron spin relaxation
due to exchange scattering in a semimagnetic quantum well (QW) as well as to the spin relaxation
in a QW due to Dyakonov-Perel mechanism. The results permit to separate the longitudinal T1
and transversal T2 relaxations times in a strong enough magnetic field and to trace the cases of
undistinguished parameters T1 and T2 in zero and small magnetic fields. Some new predictions of
the developed theory are discussed.
I. INTRODUCTION
The achievements in the investigations of ferromag-
netism (FM) of diluted magnetic semiconductors (DMS)
[1] and in spin injection technology [2] with the possibil-
ity to fabricate the spin-controlled devices have sparked
renewed interest to studies of spin relaxation of electrons,
holes and excitons (see [3] and references therein). Dur-
ing the recent years, the optical picosecond technique ac-
quire ability to observe the electron and hole spin kinetics
in semiconductor quantum structures over wide range of
temperatures and magnetic fields [4], [5]. In spite of in-
tensive work the spin relaxation processes are still not
fully understood in these structures. One of the reasons
is the deficiencies in the present theories. If, for example,
the theory of giant spin splitting of the electron states in
DMS has a good base in terms of molecular exchange
field, [6], spin relaxation theory has, by now, a huge gap
between phenomenological and microscopic approaches
to this problem.
The phenomenological description of carrier or exciton
spin relaxation in semiconductors is commonly started
with Hamiltonian Hd without dissipation terms respon-
sible for spin relaxation. For a particle with spin S
(electron, exciton, etc.), the number of equations for av-
erage spin values AI =< S
k
XS
l
Y S
m
Z > (subscripts de-
note Cartesian components; k, l,m satisfy the condition
1 ≤ k + l +m ≤ 2S ; symbol I marks all indexes in the
right hand part of AI) is finite and is determined by the
equations of motion ( ~ = 1)
dAI
dt
= −i [AI , Hd] . (1)
The system (1) describes the evolution of spin system
without relaxation. To take it into consideration we
should include the relaxation part RI to the Eq. (1).
Generally speaking, the relaxation of each AI to thermal
equilibrium value A0J might depend on full set of spin
averages. Therefore relaxation part reads
RI = −
∑
J
(AJ −A
0
J )
τI,J
. (2)
Sometimes, the number of relaxation parameters τ−1I,J can
be reduced due to the presence of specific physical mech-
anisms (see, for example, [7]). Nevertheless, it should
be mentioned that a general procedure (for estimation of
magnitudes of all relaxation parameters) that allows to
reduce the numbers of relaxation terms (2) is absent.
Other problem arises when one tries to relate the pa-
rameters τ−1I,J with the spin-flip rateW (this is the aim of
most microscopic calculations based on different known
relaxation mechanisms). To clarify this problem we con-
sider Bloch equations for average spin components Sµ in
a magnetic field directed along OZ axis
d
dt

 SXSY
SZ

 = ω

 −SYSX
0

−

 SX/T2SY /T2
(SZ − S
0
Z)/T1

 . (3)
Eqs (3) looks like Eq.(1),(2), where S0Z is a thermal equi-
librium value of SZ , ω is Zeeman splitting in a magnetic
field. Eqs (3) involve two relaxation times, the longitu-
dinal T1 and transversal T2. In the framework of phe-
nomenological Eqs (3) it is not apparent how the param-
eters T1 and T2 having different physical meaning are
related to spin-flip probability W . Moreover, the trans-
formation from the case of T1 = T2 at zero magnetic field
(ω = 0) to the case T1 6= T2 at ω 6= 0 cannot be traced
both with the help of Eqs (3) and by the microscopic
calculations of spin-flip rate W .
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The present work is an attempt to ”fill the gap” be-
tween the phenomenological approach to spin relaxation
and microscopic calculations of spin flip rates in the case
of electron relaxation with spin 1/2 in a semiconductor.
To do that, we derive the quantum kinetic equations for
density matrix of spin 1/2. The equations have been de-
rived in terms of correlation functions of dissipative sub-
system. Despite the presence of some symmetry of corre-
lation parameters, the kinetic equations can be only re-
duced to the form that remains, nevertheless, more com-
plicated than Bloch equations. In the following sections
the developed theory is applied to electron exchange scat-
tering on the magnetic ions in a semimagnetic quantum
well (QW). Then, Dyakonov-Perel mechanism is consid-
ered with respect to anisotropy of relaxation times in a
QW and their reduction in a magnetic field. We discuss
also the possible applications of the results obtained here.
II. BASIC EQUATION FOR DENSITY MATRIX
Let the electron spins represent a small part of total
system so that all other variables is related to the bath
being at thermal equilibrium. Corresponding Hamilto-
nian reads
H = H0S +HL +HSL. (4)
Here H0S , HL, and HSL are, respectively, the Hamiltoni-
ans of electron spin, dissipative subsystem (assumed to
be at thermal equilibrium with a bath at a temperature
T ), and their interaction. According to projection oper-
ator method (Ref. [8]) the density matrix of the system
(4) is expressed in terms of main part and the rest:
ρ = fσ + η, (5)
where
σ = TrLρ;
f =
exp (−βHL)
TrL exp (−βHL)
;
η = Pρ ≡ (1− fTrL)ρ.
We are looking for the kinetic equation for reduced
density matrix σ with the Hamiltonian
H = HS +HL + V, (6)
where
HS = H
0
S + 〈HSL〉 ; (7)
V = HSL − 〈HSL〉 ,
so that 〈V 〉 = 0, where 〈...〉 = TrLf.....
It can be shown that exact form of equation for the σ
is
dσ
dt
= −iHSσ − C (σ) − iD (ρ (0)) ;
with
C (σ) = TrLV
∫ t
0
S (t, t′)Vfσ (t′) dt′,
D (ρ (0)) = TrLVS (t, 0)Pρ (0) ,
S (t, t′) = exp
{
−i
∫ t
t′
(HS (τ) +HL + PV) dτ
}
. (8)
Here the calligraphic letters mean the Liouville oper-
ators introduced over operator space as HSσ = [HS , σ],
etc. The term D (ρ (0)) vanishes for the initial condition
ρ (0) = fσ (0).
The expansion of Eq.(8) up to second order in the op-
erator of interaction yields the kinetic equation for σ:
dσ (t)
dt
= −iHSσ − TrL
∫ t
0
V (t, t)V (t, t′) fσ (t) dt′, (9)
where
V (t, t′) = exp

−i
t∫
t′
HS (τ) dτ

×
×V (t) exp

i
t∫
t′
HS (τ) dτ

 , (10)
V (t) = exp {iHLt}V exp {−iHLt} . (11)
We consider the reduced density matrix σ(t) at the long
enough time scale (as compared to times of attainment of
a thermal equilibrium of dissipative subsystem). Thus,
the upper limit of integration in Eq. (9) can be extended
to infinity. Under this assumption we obtain Markovian
equation for σ(t), providing that spin relaxation times T
are sufficiently longer than correlation times τ of dissipa-
tive system responsible for spin relaxation.
To rewrite Eq.(9) in the matrix form, we should use
some base. As the base, here we use the eigenvectors of
spin operator SZ . For S = 1/2, the most general form
of interaction is: [9]
HSL = SΩ, (12)
while electron spin-Hamiltonian can be written as
HS = ωSZ , (13)
ω is the spin splitting in a magnetic field. Eq. (13) can
be considered also as a definition of OZ axis as quan-
tization direction. Substitution of Eq.(12) to Eq.(9) (at
t→∞), permits to express the collision integral in terms
of the different Fourier components of correlation func-
tions for Ωα. Their number can be reduced with respect
to the spectral properties of correlation functions and to
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the following identities (valid for any operators A and
B):
〈A (τ)B〉ω = e
−βω 〈B (τ)A〉−ω = e
−βω 〈BA (τ)〉ω ,
(14)
where the definitions of A(t) and B(t) are similar to Eq.
(11); β = 1/T . The definition of Fourier transformation
of correlation function is
〈A (τ)B〉ω =
1
2π
∞∫
−∞
〈A (τ)B〉 eiωτdτ. (15)
It is convenient to introduce the average values of spin
components instead of density matrix σ:
〈SX〉 ≡ X = TrσSX , (16)
〈SY 〉 ≡ Y = TrσSY ,
〈SZ〉 ≡ Z = TrσSZ .
Straightforward calculations with the aid of Eqs(14,15)
yield following system of equations for components of 〈S〉:
d
dt

 XY
Z

 = ω

 −YX
0

− Γ

 XY
Z− Z0

 , (17)
where relaxation matrix Γ is determined via correlation
functions
γµν (ω) = 〈Ωµ (τ) Ων〉ω . (18)
Equation (17) describes the relaxation of spin 1/2 to
its equilibrium state X (t)
t→∞
−→ X0,Y (t)
t→∞
−→ Y0, and
Z (t)
t→∞
−→ Z0, with X0 = Y0 = 0, and
Z0 = −
1
2
tanh
βω
2
. (19)
The general form of relaxation matrix Γ is quite com-
plex. Below, we consider two important specific cases
permitting to simplify the components of correlation ma-
trix γµν (ω) (18); ν, µ = X,Y, Z. First, we assume that
the matrix (18) is symmetric, γµν (ω) = γνµ (ω). Thus,
the magnetic field influence on Hamiltonian of dissipa-
tive subsystem is disregarded (Ref. [10]). With respect
to symmetric property of correlation function, one can
obtain
Γ =
π
~

 γ0zz + nγyy −nγxy −nγxz−nγxy γ0zz + nγxx −nγyz
−nγxz −nγyz n(γxx + γyy)

 ; (20)
n ≡ n(ω) =
(
1 + eβω
)
/2, γµν ≡ γµν (ω) , γ
0
µν ≡ γµν (0) .
Notice that Eqs(17),(20) are, generally spiking, derived
for the case of anisotropic medium and arbitrary spin
splitting ω.
In the case of zero spin splitting (ω = 0) and isotropic
medium, the relaxation matrix Γ (20) becomes symmet-
ric. In this case, Eq.(20) are similar to those obtained
in the work [9] in terms of fluctuating internal magnetic
field Ω.
In the case of strong enough spin splitting, one can
expect that γαα(ω) << γzz(0). If we introduce T
−1
1 =
πn (γxx(ω) + γyy(ω)) and T
−1
2 = πγzz(0), and omit the
off-diagonal components of Γ, the latter inequality per-
mits to rewrite the Eq.(17 ) to the form of Bloch equa-
tions (3).
Second important case corresponds to antisymmetric
coefficients γµν (ω) = −γνµ (ω) for ν 6= µ. In this case we
can obtain other form of relaxation matrix:
Γ =
π
~

 γ0zz + nγyy + niγxy 0 niγyz0 γ0zz + nγxx + niγxy niγzx
0 0 n(γxx + γyy + iγxy)

 . (21)
In the limit of zero magnetic field, the coefficients
γµν (ω → 0) vanish if ν 6= µ; thus the Eq.(21) transforms
to matrix (20) with zero off-diagonal components. The
spectral properties (14) with respect to definition of n(ω)
permits to observe that both relaxation matrix (21) and
matrix (20) are even functions of the electron spin split-
ting ω: Γ(ω) = Γ(−ω).
The Eqs (17) with definitions (20),(21) are the main
result of theoretical background of the work. In deriva-
tion of kinetic equations (17) we assume neither any spe-
cific properties of heat bath with Hamiltonian HL nor
any specific interaction mechanism HeL. We shall show
how Eqs (17) can be used in the particular cases corre-
sponding to (20) and (21). The short review of the re-
lations between correlation functions (15) and two-time
temperature Green’s functions (with well-known calcula-
tion technique) is presented in Appendix.
III. EXCHANGE SCATTERING ON MAGNETIC
IONS IN THE 2D QW
Consider the problem of electron spin exchange scat-
tering on the magnetic ions in a 2D quantum well (see
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Ref. [11] [12]). The carrier-ion spin-spin interaction op-
erator has the form of following contact interaction
HSL = −α
∑
j
Sjseδ(r−Rj), (22)
where α is exchange integral, Sj is the magnetic ion spin
at the site Rj; se and r are the spin and coordinate
of electron respectively. The sum is performed over all
magnetic impurities. The Hamiltonian of dissipative sub-
system include Zeeman energy of magnetic ions and the
electron kinetic energy εk with in-plane wave vector k.
For simplicity sake, we restrict our consideration by the
ground electronic confinement state only. So, the Hamil-
tonian is assumed to take the form:
HL =
∑
j
ω0S
j
Z +
∑
k,σ
εka
†
k,σak,σ, (23)
where ω0 is the magnetic ion Zeeman splitting in a mag-
netic field directed along OZ axis; a†k,σ and ak,σ are the
creation and annihilation operators; spin index σ is in-
troduced to normalize the chemical potential for total
numbers of electrons. In our case∑
k,σ
〈
a†k,σak,σ
〉
≡
∑
k,σ
fk,σ = 1. (24)
Now we can perform the renormalization procedure (7)
with operator (22) and represent (second-quantized) in-
teraction V (12) in the form
ΩX,Y = −
α
S0
∑
k,k′,σ
k 6=k′
∑
j
SjX,Y |ψ⊥(Rj)|
2
×
×ei(k−k
′)Rja†k,σak′,σ, (25)
ΩZ = −
α
S0
∑
k,k′,σ
k 6=k′
∑
j
SjZ |ψ⊥(Rj)|
2
ei(k−k
′)Rja†k,σak′,σ.
Here S0 is an area of a sample, ψ⊥(Rj) is a perpendicu-
lar (to a plane of a structure) component of confinement
wave function. The term with k 6= k′ is excluded from
Eq. (25) due renormalization procedure (7). This proce-
dure yields following Hamiltonian of dynamic subsystem:
HS ≡ ωsez = (ωe +GeZ )sez . (26)
Eq.(26) defines spin splitting ω in a total field. This
field consists of external magnetic field (with Zeeman fre-
quency ωe ) and exchange molecular field
Ge = −
α
S0
∑
j
〈
Sj
〉 ∣∣ψ(z′j)∣∣2 =
= −α 〈S〉
∞∫
−∞
nm(z
′) |ψ(z′)|
2
dz′. (27)
Here nm(z
′) is a local concentration of magnetic ions
that is assumed to be the function of coordinate z di-
rected along the growth axis Z ′. In the case of magnetic
QW with width Lw and non-magnetic barriers, the inte-
gration should be performed between −Lw/2 and Lw/2,
while nm(z) should be replaced by average concentration
nm in the QW.
We are looking for the Fourier transformation of
Green’s function
γµ,ν (ω) = 〈Ωµ (t) ; Ων〉ω ,
which (according to Eq. (25)) equals to
γµ,ν (ω) =
α2
S20
∑
k,k′,σ
∑
k1,k′1,σ1
∑
j,j′
|ψ(zj)|
2 |ψ(zj′)|
2 ei(k−k
′)Rj+i(k1−k′1)Rj′Kµ,j;ν,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) ,
where
Kµ,j;ν,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) =
=
〈
Sjµa
†
k,σak′,σ (t) ;S
j′
ν a
†
k1,σ1
ak′1,σ1
〉
ω
. (28)
The explicit form for equation of motion (A4) for the cor-
respondent Green’s function ωGµ,νq (µ, ν = X,Y, Z; q is
a rest of indexes that determines the correlation function
(28)) is approximated by the following system of equa-
tions
ωGX,Xq (ω) =
δj,j′δk,k′
1
δk′,k1δσ,σ′
2π
〈
S2X
〉
[fk,σ(1− fk′,σ) + fk′,σ(1− fk,σ)] + (29)
+ (εk′ − εk)G
X,X
q (ω)− iω0G
Y,X
q (ω) ;
ωGY,Xq (ω) = i
δj,j′δk,k′
1
δk′,k1δσ,σ′
2π
〈SZ〉
2
[fk′,σ − fk,σ] + (εk′ − εk)G
Y,X
q (ω) + iω0G
X,X
q (ω) ; (30)
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where we use 〈SXSY 〉 = −〈SY SX〉 = i 〈SZ〉 /2; the oc-
cupation numbers fk,σ are determined by Eq.(24). Ac-
cording to Eq.(A3), the imaginary part of the Gµ,νq is
important for calculation of Γ. So, taking into account
that ω = ω+iǫ with infinitesimal ǫ, one can use following
identity in the solution of Eqs (29,30):
ω − (ε′ − ε)
[ω − (ε′ − ε)]
2
− ω20
→ −i
π
2
[δ (ω − (ε′ − ε)− ω0) + δ (ω − (ε
′ − ε) + ω0)] ;
ω0
[ω − (ε′ − ε)]
2
− ω20
→ −i
π
2
[δ (ω − (ε′ − ε)− ω0)− δ (ω − (ε
′ − ε) + ω0)] . (31)
The final result for Fourier transformation of correlation function looks like
KX,j;X,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) =
i
2n
(
GX,Xq (ω + iǫ)−G
X,X
q (ω − iǫ)
)
;
KX,j;X,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) =
δj,j′δk,k′1δk′,k1δσ,σ1
4n
{〈
S2X
〉
[fk,σ(1 − fk′,σ) + fk′,σ(1− fk,σ)]× (32)
× [δ (ω − (ε′ − ε)− ω0) + δ (ω − (ε
′ − ε) + ω0)] +
+
〈SZ〉
2n
[fk′,σ − fk,σ] [δ (ω − (ε
′ − ε)− ω0)− δ (ω − (ε
′ − ε) + ω0)]
}
;
KY,j;X,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) =
i
4n
δj,j′δk,k′1δk′,k1δσ,σ1
{
〈SZ〉
2
[fk′,σ − fk,σ]×
× [δ (ω − (ε′ − ε)− ω0) + δ (ω − (ε
′ − ε) + ω0)] + (33)
+
〈
S2X
〉
n
[fk,σ(1− fk′,σ) + fk′,σ(1 − fk,σ)] [δ (ω − (ε
′ − ε)− ω0)− δ (ω − (ε
′ − ε) + ω0)]}.
with ε = εk, ε
′ = εk′ .
We assume that neither 2D structure stress, nor
internal magnetic field affects the transversal mag-
netization (which means
〈
S2X
〉
=
〈
S2Y
〉
). Thus
KY,j;Y,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) = KX,j;X,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) and
KX,j;Y,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) = −KY,j;X,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω). Lat-
ter equality shows that the exchange scattering corre-
sponds just to the case of relaxation matrix (21). Direct
calculation of off-diagonal matrix elements shows that
KX,j;Z,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) = KY,j;Z,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(ω) = 0
since 〈SX〉 = 〈SY 〉 = 0. In a similar manner, one can
find
KZ,j;Z,j
′
k,σ;k′,σ;k1,σ1;k′1,σ1
(0) =
1
2
δj,j′δk,k′
1
δk′,k1δσ,σ1
〈
S2Z
〉
×
×[fk,σ(1− fk′,σ) + fk′,σ(1− fk,σ)]δ (ε
′ − ε) . (34)
The relaxation parameters in the matrix (21) can now
be obtained with the help of (32,33). Eq.(24) reads now
∑
σ
fk,σ =
2π~2
S0mT
e−εk/T , (35)
where m is the in-plane effective mass of the carriers.
Substitution of Eq.(34) to the formula πn 〈ΩZ (τ)ΩZ〉0
gives following result in the case of fk,σ ≪ 1 :
πγ0zz = π
α2
S20
(k 6=k′)∑
k,k′,σ
∑
j
〈
S2Z
〉
|ψ(zj)|
4 [fk,σ + fk′,σ]δ(ε− ε
′).
(36)
Calculation of sums in Eq.(36) yields
π
~
γ0zz = I
α2m
2Lw~3
nm
〈
S2Z
〉
, (37)
where dimensionless parameter I reflects the overlap of
ψ-function and magnetic ions:
I = Lw
∞∫
−∞
nm(z
′)
nm
|ψ(z′)|
4
dz′ (38)
In the case of infinitely deep QW containing the mag-
netic ions with concentration nm, the integration in (38)
gives I = 3/2.
To obtain other elements of the matrix (21) we should
find γxx and γxy according to Eqs(32),(33). It can be
shown that contribution of a second term in Eq.(32) is
less then that of first one, while γxy ≪ γxx = γyy, so that
we can find
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πnγxx = π
α2
S20
(k 6=k′)∑
k,k′,σ
∑
j
〈
S2X
〉
2
|ψ(zj)|
4
[fk,σ + fk′,σ][δ(ω − (ε− ε
′)− ω0) + δ(ω − (ε− ε
′) + ω0)]. (39)
Sums in Eq.(39) are evaluated similar to those in
Eq.(36):
π
~
nγxx = I
α2m
Lw~3
nm
〈
S2X
〉
2
F
(ω
T
,
ω0
T
)
, (40)
where we introduce the function
F (x, y) =
1
4
[2 + exp (−|x+ y|) + exp (−|x− y|)] (41)
that decreases monotonically from 1 to 1/2 and reflects
the suppression of electron spin fluctuations by a mag-
netic field. Thus, the kinetic equations(21) transforms to
the Bloch equations(3) with following relaxation param-
eters
1
T1
= I
α2m
Lw~3
nm
〈
S2X
〉
F
(ω
T
,
ω0
T
)
, (42)
1
T2
= I
α2m
Lw~3
nm
{〈
S2Z
〉
2
+
〈
S2X
〉
2
F
(ω
T
,
ω0
T
)}
. (43)
The right hand parts of Eqs (37) and (40) equal to those
of Eqs (42) and (43) respectively at zero magnetic field as
it should be expected. Moreover, as ω → 0, ω0 → 0, Eqs
(42),(43) transform just to the double rate W of spin flip
relaxation obtained with Golden Fermi Rule. [11], [12]
With magnetic field increasing, one can obtain in the
limit ω, ω0 ≫ T,
T1
T2
= 2S +
1
2
. (44)
Eq.(44) shows that rate of phase relaxation exceeds the
longitudinal relaxation rate with factor about one order
of magnitude in the case of ions Mn2+ (S = 5/2). In
the case of equidistant Zeeman splitting ω0 of the mag-
netic ions, the magnetic field dependence of spin square
averages is:
〈
S2X
〉
=
1
2
coth
ω0
2T
bS(
ω0
T
), (45)〈
S2Z
〉
= S(S + 1)− 2
〈
S2X
〉
,
where bS(x) = −〈SZ〉 = SBS(Sx) is non-normalized
Brillouin function:
bS(x) = (S +
1
2
) coth(S +
1
2
)x−
1
2
coth
x
2
(46)
Figure 1 shows the magnetic field dependence of the
longitudinal and transversal relaxation times calculated
with the help of Eqs (42), (43), (45), (46). One can see
that magnetic field suppresses the longitudinal relaxation
while it enhances transversal relaxation for S > 1/2. In
the limit of saturated magnetic field, ω, ω0 >> T , the de-
creasing of T2 reaches the factor
2
3
S+1
S+1/2 . Note, that the
decreasing of transversal relaxation time in a magnetic
field was observed for Mn spins but was not explained
till now.
At the end of this section we estimate the relaxation
time of the electron in Cd1−xMnxTe QW with x=0.017
and Lw = 8 nm. At zero magnetic field one can find
τe = 5 ps that is quite close to experimental value ob-
served recently via time resolved magneto-optic Kerr ef-
fect. [13]
IV. DYAKONOV-PEREL MECHANISM
In a number of works [14], [15], [9], it have been shown
that a fluctuating effective magnetic field accompaning
the electron momentum scattering in the semiconduc-
tors with non-centrosymmetric lattice results in rather
efficient spin relaxation. In this section we show how
Dyakonov-Perel mechanism can be incorporated into for-
malism developed above.
Hamiltonian of dissipative subsystem is assumed to
have the form
HL =
∑
k,σ
εka
†
k,σak,σ +
∑
k,k′,σ
Vk,k′a
†
k,σak′,σ. (47)
Second term in Eq.(47) has symbolic meaning: we as-
sume Vk,k′ to be an operator responsible for electron scat-
tering by the impurities, phonons, or electron-electron
collisions. We should also introduce the electron scat-
tering changing randomly an effective magnetic field
B = b(k)/geµ that corresponds to band spin splitting
Hint =
∑
k,σ
seb(k)a
†
k,σak,σ. (48)
Therefore, the operator of this field reads
Ωµ =
∑
k,σ
bµ(k)a
†
k,σak,σ. (49)
The specific form of the function bµ(k) is determined by
a band Hamiltonian (see, for instance, Ref. [9]) and de-
pends on dimensionality of the system under considera-
tion (Ref. [15]).
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We introduce the Green’s function
G˜ ≡ G˜2,3 =
〈〈
a†k2ak3 ; a
†
k1
ak1
〉〉
ω
. (50)
For simplicity, here we suppress spin indices while 1 ≡
k1,2 ≡ k2, etc. Equation (A4) with Hamiltonian (47)
assumes the form
[ω − (ε1 − ε2)] G˜2,3 =
δ2,1δ3,1
π
f1(1− f1) +
+
∑
4
(
V3,4G˜2,4 − V4,2G˜4,3
)
. (51)
We are looking for G˜1,1 that can be represented via G˜2,3.
Solution of the Eq.51 depends strongly on k,k′ - depen-
dences of operators Vk,k′ . We assume that following gen-
eral relation for Green’s function holds (Ref. [18])
G˜1,1 =
f1(1− f1)
π (ω + iΓ1,1)
, (52)
where Γ1,1 means the rate of electron moment relaxation
due to scattering processes described by second term in
the Eq.(47). Thus, the relaxation parameters are defined
by
π
~
nγµ,ν =
∑
k
bµ(k)bν(k)
Γk,k/~
~2ω2 + Γ2k,k
. (53)
Let us consider the electron spin splitting caused by
k3 - terms in band Hamiltonian (Ref. [14]). This mecha-
nism had been considered for 2D-electron gas in the work
[15]. If external magnetic field is directed along the axis
of structure growth, one can obtain
bµ(k) = rακµ (54)
with
rα =
α~3
m3/2(2Eg)1/2
, (55)
κx = −kxq
2;κy = kyq
2;κz = 0, (56)
where m is in-plane effective mass, q2 is defined via elec-
tron ψ- function confined in a QW,
q2 =
〈
ψ
∣∣∣∣− ∂2∂z2
∣∣∣∣ψ
〉
. (57)
We see that only two components of relaxation param-
eters, γx,x and γy,y have nonzero values. The calculations
with the help of Eq. (35) give rise to following expression
for transversal relaxation time
1
T2
=
π
~
nγx,x =
π
~
nγy,y =
α2~2q4T
2m2Eg
τe
1 + (ωτe)2
, (58)
where the electron scattering time is defined via averaged
value of Γk,k :
τ−1e = ~
−1 〈Γk,k〉 . (59)
Note that approximation (59) is not nessessary for cal-
culations of T1 and T2. The dependence τe(k) can be
taken into account for more accurate theories (see Ref.
[9]).
According to Eq.(20), the longitudinal relaxation rate
is
1
T1
=
π
~
n(γx,x + γy,y) =
2
T2
. (60)
We can see that T1can be shorter than T2 in the systems
with strong anisotropy .
Other important case corresponds to magnetic field di-
rected along OZ axis in QW plane while OX axis is a
perpendicular to this plane. One can find
κx = 0;κy = −kyq
2;κz = kzq
2. (61)
In this case, three parameters describe electron spin
relaxation:
1
T2X
=
α2~2q4T
2m2Eg
τe
(
1 +
1
1 + (ωτe)2
)
,
1
T2Y
=
α2~2q4T
2m2Eg
τe,
1
T1
=
α2~2q4T
2m2Eg
τe
1 + (ωτe)2
. (62)
We can see that transversal relaxation (Eq.58) can be
suppressed significantly by the strong enough magnetic
field, ωτe >> 1, due to dynamical averaging effect in the
case of Faraday geometry of experiment [16]. In the case
of Voigt configuration (Eqs (62)), magnetic field can sup-
press the transversal relaxation time by no more than two
times. The effect of drastic magnetic anisotropy of spin
relaxation in QWs can be used to recognize the specific
mechanism under consideration. Actually, the typical
scattering time of an electron in semiconductors is about
τe ∼ 10
−12. To make the magnetic field anisotropy ef-
fect visible, one should apply quite strong magnetic field
to non-magnetic structure. On the other hand, consid-
ered anisotropy effect can be amplified in DMS structures
giving rise to inequality ω >> ω0 at moderate magnetic
fields (Eqs (26), (27)).
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V. CONCLUSIONS
In this work, we develop the microscopic theory of elec-
tron spin evolution in semiconductors in terms of quan-
tum kinetic equations for arbitrary mechanism of spin
relaxation. The relaxation term in these equations has
been derived as a matrix of correlation functions provid-
ing relatively short correlation times ( as compared to
spin relaxation times, τ << T ) of dissipative subsystem.
Our theory permits to distinguish the phase and energy
relaxation processes and to capture the case of zero and
small magnetic fields.
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FIG. 1. Magnetic field dependencies of the rates of longitu-
dinal (i = 1) and transversal (i = 2) electron spin relaxation
at T = 4K in Cd1−xMnxTe (x = 0.017) crystal.
We show that spin relaxation process due to exchange
scattering in a semimagnetic QW determines the longitu-
dinal and transversal spin relaxation times. Specific cal-
culations of relaxation parameters show that only longi-
tudinal relaxation can be described by flip-flop processes
which is suppressed in a magnetic field. On the other
hand, transversal relaxation is due to the effective ex-
change field fluctuations, which increase with magnetic
field. Qualitatively, the latter effect has the same reason
as growth of line width of spin flip Raman scattering by
shallow donors in diluted magnetic semiconductors [17].
The theory has been successfully applied to Dyakonov-
Perel mechanism of carrier spin relaxation in a QW. The
significant difference in transversal relaxation rates for
parallel and perpendicular (to growth axis) magnetic field
orientations has been found.
Proposed approach to relaxation can be extended to
any two-level system described by fictitious spin 1/2.
From this standpoint, the analysis of heavy hole spin
relaxation in QW in terms of Eqs (17,20,21) promises
new insight into this problem. The investigations of a
hole relaxation in QWs or uniaxial semiconductors will
be reported elsewhere.
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APPENDIX A:
Equation (17) reduces the problem of spin relaxation
to calculations of correlation functions of operators Ω re-
lated to a heat bath at a thermal equilibrium. Theory of
correlation functions for quantum-mechanical operators
is well developed (see e.g. Ref. [18]). In this Appendix,
we present few equations that are needed in subsequent
analysis of relaxation parameters.
Introduce first two-time temperature retarded Green’s
function (Ref. [18])
G(t, t′) ≡ 〈〈Ωµ; Ων〉〉 = −iθ(t− t
′) 〈[Ωµ (t) ,Ων(t)]〉 .
(A1)
The bracket [Ωµ (t) ,Ων(t)] denotes a commutator or an-
ticommutator for operators Ωµ (t) and Ων(t). Fourier
transformation of Green’s function (A1) reads
G(ω) ≡ 〈〈Ωµ; Ων〉〉ω =
1
2π
∞∫
−∞
G(t, 0) exp(iωt)dt. (A2)
Fourier transformation of correlation functions (Eq.(15))
can be expressed in terms of that for Green’s functions
Eq.(A2):
γµν(ω) = ilim
ǫ→0
G(ω + iǫ)−G(ω − iǫ)
2n(ω)
. (A3)
So, the problem is reduced to explicit calculation of
Green’s functions in Eq.(A1). The equation of motion
for their Fourier component is [18]:
ωG(ω) =
1
2π
〈[Ωµ,Ων ]〉+ 〈〈(ΩµHL −HLΩµ) ; Ων〉〉ω .
(A4)
The solution of equation (A4) permit to find the correla-
tion function, which, in turn, determines the spin relax-
ation according to Eqs (15), (20) and (21).
8
[1] H.Ohno, Science, 281, 951 (1998).
[2] Y.Ohno, D. K. Young, B. Beschoten, F. Matsukura, H.
Ohno, and D. D. Awshalom, Nature (London) 402, 790,
(1999).
[3] For a recent review see L. Vin˜a, J. Physics: Condens.
matter 11, 5929 (1999).
[4] S.A. Crooker, J.J. Baumberg, F. Flack, et al., Phys. Rev.
Lett. 77, 2814 (1996).
[5] S. A. Crooker, D. D. Awschalom, J. J. Baumberg, F.
Flack, and N. Samarth, Phys. Rev. B 56, 7574 (1997).
[6] See, Diluted magnetic semiconductors, edited by J.K.
Furdyna and J. Kossut, Vol. 25 of Semiconductoers and
Semimetals (Academic, Boston, 1988).
[7] M.Dyakonov, X. Marie, T. Amand, P. Le Jeune, D. Ro-
bard, M. Brousseau, and J. Barrau, Phys. Rev. B 56,
10412 (1997).
[8] P. Zwanzig. J.Chem.Phys. 33, 1338 (1960).
[9] G.E.Pikus, A.N.Titkov, in book: Optical Orientation,
Ed. F.Meier and B.P.Zakharchenia. Elsevier Science Pub-
lishers B.N., 1984.
[10] L.D.Landau, E.M.Lifshits. Electrodynamics of continu-
ous media, Pergamon Press, 1978.
[11] G. Bastard and R. Ferreira, Surface Science 267, 335
(1992).
[12] Yu.G.Semenov, F.V.Kyrychenko. Semicond. Sci. Tech-
nol. 11, 1268 (1996).
[13] C. Camilleri, F. Teppe, D. Scalbert, Y.G. Semenov, M.
Nawrocki, M. Dyakonov, J. Cibert, S. Tatarenko, T. Wo-
jtowicz (Phys. Rev. B, to be published).
[14] M.I.Dyakonov and V.I.Perel, Zh.Exp.Teor.Fiz. 60, 1954
(1971) [Sov. Phys. JETP 33, 1053 (1971)].
[15] M.I.Dyakonov, V.Yu.Kachorovskii. Fiz. Tech.
Poluprovodn. 20, 178 (1986); [Sov. Phys. Semicond. 20,
110 (1986)].
[16] Spin-relaxation suppression due to freezing of orbital mo-
tion in a magnetic field is also important effect (see,
E.L.Ivchenko. Fiz. Tverd. Tela 15, 1566 (1973);[Sov.
Phys. Sol. State 15, 1048 (1973)]), which is not consid-
ered here.
[17] S.M.Ryabchenko, Yu.G.Semenov, Fiz. Tech. Poluprov.
17,. 2040 (1983), [Sov. Phys. Semicond. 17, 1301 (1983)].
[18] D.N.Zubarev, Uspekhi Fiz. Nauk,71, 71 (1960).
9
